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‘ 1. Motivation |

Flooding is one of the primary climate-related threats to people’s liveli-
hoods and development opportunities globally. In 2022, 1.8 billion
people (23% of the world population) were exposed to 1-in-100-year
floods. The frequency and severity of extreme rainfall events are in-
creasing due to climate change, presenting significant challenges for
hydro-meteorological modeling.

Assessing the risk of extreme rainfall events is crucial for several rea-
sSoNs:

ePublic Safety: Enables timely emergency responses to flash
floods and landslides.

eInfrastructure: Informs the design of resilient infrastructure, reduc-
iIng potential damages.

eEconomics: Helps manage financial losses through improved in-
surance schemes and disaster funds.

eUrban Planning: Guides land use and prevents construction in
high-risk areas.

Observational data are essential for studying extreme events like
floods, as they provide the most accurate climate information. How-
ever, due to the rarity of such events, meteorological records are
often insufficient. This is one of the reasons why rainfall generators
are used. They are stochastic models that can generate artificial time
series of rain, that, hopefully, have the same statistical properties
as the real observations. By enabling us to generate an unlimited
number of time series with arbitrary length, they allow us to generate
some rare extreme events. These simulations allow us to study rare
extreme events and their impacts. A natural question to ask is: do the
extreme events generated by a rainfall generator have the same sta-
tistical properties as the extreme events that might happen in nature?
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This work aims to provide a methodological contribution for hydro-
meteorologists, by bringing existing extreme-value theory tools to the
field of hydrology to validate the extremal behaviour of rainfall gener-
ators.

‘ 2. Model and Data |

The Model

To validate the extremal behaviour of a rainfall generator, we re-
quire both observed and simulated data. We use the AWE-GEN
(Advanced WEather GENerator) model to simulate rainfall events
using a Poisson-cluster approach. A random number of rectangu-
lar pulses (empty blue rectangle on the following figure [1]) with
random intensity and duration are associated with each storm,
with the total rainfall (blue area) being the sum of active pulses.
AWE-GEN employs the Neyman-Scott Rectangular Pulse (NSRP)
model, which randomly determines the time between storm origins
(red dot) and the origin of each rectangular pulse (blue cross).
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The Data

We calibrate AWE-GEN by estimating the NSRP model parameters
from an observed dataset of hourly rainfall over 30 years (as dis-
played in the following figure) from San Francisco Airport in Califor-
nia, USA. We then run 100 simulations of hourly rainfall, each cover-
iIng a 30-year period, that should replicate the statistical properties
of the observed data. To ensure stationarity, we focus on meteo-
rological winters (December 1 to February 29). Thus, our observa-
tional dataset includes hourly measurements for 29 complete winters,
while our simulated dataset includes hourly data for 2900 winters.
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‘ 3. Clustering of Extreme Values |

Zooming in allows us to observe our dataset In detalil.

The figure below displays the observed dataset over a pe-
riod of two weeks, highlighting clusters of extreme values.
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Black ellipses indicate clusters of rainfall events exceeding 4 mmh~!.
These clusters are intuitively grouped rather than formally defined.

Indeed, in stationary data, storms can cause exceedances of a thresh-
old for several hours, forming clusters. We study the mean cluster size
using the extremal index 6, ranging from 0 to 1. An extremal index
0 < 1indicates temporal dependence at asymptotically high levels. [2]
interpreted the extremal index as the reciprocal of the mean cluster
size, # = (limiting mean cluster size) !, where limiting is interpreted
In the sense of clusters of exceedances of increasingly high threshold.

To estimate the extremal index, we use the estimator from [3], defined

as: ,
N1
2{ >, (Ti— 1)}
i=1

N—1 ’

(N —1) ; (T; — 1) (T; — 2)

where n Is the size of the time series, N is the number of exceedances
of the threshold u, and 7T; are the times separating two consecutive ex-
ceedances of .

‘ 4. Currently Used Method |

To study the extremal behaviour of a rainfall time series, the state-
of-the-art method involves dividing the time series into equal-length
blocks, fitting a generalized extreme value (GEV) distribution to the
block maxima, and computing extreme quantiles.

GEV Approach

The GEV approach examines the distribution of block maxima by par-
titioning data into equal-length blocks and fitting the GEV distribution
to each block’'s maximum. The block length choice is crucial, balanc-
Ing bias and variance. Short blocks yield too many maxima, violating
model assumptions and increasing bias. Long blocks result in a small
number of maxima, providing insufficient data to accurately estimate
the model. The GEV distribution is defined as:

o =eo{-[ro (5] ).

on the set {z : 1+ &(z — u)/o > 0}, where the parameters satisfy
—00 < < oo, 0 >0and —oo < & < oo and taking the limit & — 0 if

£ =0.
Return Levels
The extreme values of a sequence {X;};~; of i.i.d. random vari-

ables are analyzed using return levels. In general, the return level,
noted r(T'), is the value exceeded on average once over a period 7',

It satisfies the equation E (Z;-rzl 1{X; > r(T)}) = 1 and is given by
r(T) = F*(1—1/T), where F is the CDF of X;. For convenience, let

p=1/T.
For the GEV distribution, the return level z;, associated with return
period 1/p, for p €]0; 1|, is:

- {u — Fl1 = {~log(1 = p)} 4,

0% (u) = (1)

for & £ 0

p— olog{—log(1 —p)}, for ¢ = 0.

Limitations

Modeling block maxima can be inefficient for extreme event analysis,
potentially discarding significant data. Moreover, the choice of block
length, which is crucial for balancing bias and variance, is arbitrary.

5. Developed Methods |

To address these issues and make use of all available data, we em-
ploy the threshold method. For a sequence of i.i.d. random variables
{X;}:;~1 and a high threshold u, the distribution function of (X — u),
conditional on X > u, is approximately:

—1/¢
H(z)-l—(l%—f%z) :

o

definedon {z:z>0and (1+¢z/5) > 0}, where ¢ = o+ &(u— ). This
defines the generalized Pareto distribution (GPD) [2].

Similar to the GEV distribution, GPD is easier to interpret through ex-
treme quantiles. The value z,, exceeded on average once every m

observations is: z,, = u +% {(mgu)§ — 1}, where (, is the probability

that X exceeds u. For a time series with m observations per year, the
return level z, associated with the return period 1/p is:

fu+% {(pmﬁu)f — 1} , for&#0

Zp = 3
g uto log(pm(y), for &€ = 0.

GPD Applied to Declustered Time Series

To apply the generalized Pareto distribution, we need to determine
thresholds. Some theoretical considerations lead us to choose u ;, =
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3.3 (quantile 0.99 of observed data) and ug;,,, = 9.5 (quantile 0.999 of
simulated data). Since the datasets are stationary but not indepen-
dent, we decluster them to obtain independent variables. Declustering
iInvolves considering two hourly events as independent if separated by
a sufficient time s, determined from the autocorrelation function of our
datasets. We extract clusters of values above u separated by at least
s hours and fit GPDs to the highest value in each cluster.

Using the estimated GPD parameters, we compute return levels for
the observed (red) and simulated (blue) datasets. To validate, we
compare with empirical quantiles of the simulated data (quantiles
1 —1/(p x m), with m the number of hours in a winter) (yellow).
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GPD Using the Extremal Index

Declustering discards threshold exceedances that are close in time.
To account for time dependence, we use the extremal index 6. We
estimate ¢ for each dataset using the estimator (1), fit a GPD to each
peak-over-threshold series, and calculate return levels incorporating
6. The formula [4] used is:

(u+% [(pge)ﬁ — 1} , for&#£0
\u+010g(p§9), for & = 0.

This formula adjusts return levels for a GPD fitted to non-
iIndependent series. Since 6 represents the inverse of the
mean cluster size, substituting ¢ x 6 for the exceedance prob-
ability ensures we account for only one exceedance per clus-
ter, even though all exceedances are used to fit the GPD.
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In this figure, empirical quantiles of the simulations are computed us-
ing ¢ (quantiles 1 — 1/(p x m x 6;,,)). The return levels curve for the
simulated dataset aligns perfectly with the empirical quantiles, indicat-
ing the high reliability of this method.

Hierarchical Model for Time Dependence

To estimate the GPD parameters, we use a hierarchical model de-
signed to account for time dependence [5]. This approach em-
beds a latent process, that is a Markov chain, in the GPD pa-
rameters, capturing the dependence between exceedances over
time. This method provides more accurate estimates of the
parameters ¢ and ¢ compared to a simple GPD. We fit this
model to our datasets and use the estimated parameters o
and ¢ to compute the return levels for a GPD, adjusted by 6.
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